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On the Hartree—Fock approximation to the electronic
structure of molecule in the intense radiation field
and the strong vibronic coupling™
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The Hartree~-Fock approximation has been generalized to incorporate the
nonadiabatic effect of molecular vibration previously by Tachibana et al.
Here, we will derive the Hartree~-Fock equation which reflects also the non-
linear effect of the infrared radiation field as well by using the Bloch-Nordsieck
transformation which was discussed first by Nguyen-Dang and Bandrauk in
the field of molecular physics. The Hartree-Fock equation reflects the non-
adiabatic coupling between an electron and a molecular vibration and between
the electron and a infrared radiation fields. The infrared radiation field also
affects the dynamics of nuclear motion.
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1. Introduction

The dynamic electronic structure of the molecular system has been studied
previously by Tachibana et al. [1]. The dynamic electronic structure studied does
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not take into account the background radiation field. The background radiation
field is important in a vibronic system such as the ionic crystal system [2]. The
polaron, the exciton, and the phonon are important elementary excitations in
condensed matter physics [3] and the coupling between the molecular vibration
and the electronic motion are important in their structure. Also the background
radiation field, whose effect cannot be neglected, is implicit in them. Consequently
it is interesting to investigate the vibronic coupling mechanism of a molecular
system where the radiation field is coupled with the particle motion. A theory
which is applicable for all wavelengths about the vibronic system exposed to a
radiation field is awaited but it seems difficult to obtain a lucid theoretical
framework. Here, the dynamic electronic structure of the miolecular system which
is influenced by the molecular vibration and the effect of the infrared radiation
field is investigated by generalizing the theoretical framework used previously
[1]. The couplings among the electronic motion, the molecular vibration, and
the intense radiation field can be studied by the coupled equations which will
be derived here. These will be the fundamental equations for the nonlinear optical
property of the molecular system.

2. Dressed molecular Hamiltonian

Recently, the dressed molecular Hamiltonian [4] which includes explicitly the
radiative correction in the molecular system has been studied by revising the
Bloch-Nordsieck transformation used in the study of the radiative correction of
an electron in the early days of quantum electrodynamics [5]. Then it will be
interesting to apply the method which is used in the previous paper [1] to the
dressed molecular Hamiltonian. The effect of the radiative correction as well as
the molecular vibration can be incorporated into the one electron orbital.

The total Hamiltonian of the molecular system exposed in the radiation field
within the minimal coupling [4, 6] scheme is given as follows:

HTOTZZ (%m){Pi"- (e/C)A(’i)}z“"% Z (ez/rij) - Z (Zaez/ria)

+Z (%Ma){Pa - (Zae/c)A(Ra)}Z_’—% Zi; (ZaZBeZ/RaB)

+%J {|A(x)P+ 3|V x A(x)[} ax®, (1)

where p; and r are the momentum and the coordinate of the electron whose mass
and charge are denoted by m and —e, and P, and R, are the momentum and
the coordinate of the ath nucleus whose mass and charge are denoted by M,
and Z,e, respectively. The speed of the light is denoted by c. In terms of the
dynamical variables of the quantized radiation field P, , and Q,,, the Coulomb-
gauge vector potential A(r, f) can be expressed as follows:

A(r, t)=2c(7w/ V)2 Y exalsin (k- r)Qp +wy" cos (k- rP, ], (2)
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where € ,, V and w, denote one of the two independent polarization unit vectors
for the transverse radiation with the wave vector k, quantization volume of the
free field radiation, and the frequency of the radiation mode k which is given by

wi = clk|. (3)
Then the total Hamiltonian Hror is expressed as follows:

Hyor= Huyot Hyaat Vine, (4.1)

Hyo = § (GM,)P.+3 HZB (ZoZse®/ Rap) +; Gm)p;+3 Z] (e*/ry)

- Z (Zaez/ ri,a); (42)
Hea=3 kZ {Pirt0iQial, (4.3)
A

Vie=(e/me) L A(r) - p;—(e/¢) L (Zo/ M)A(R,) - P,

+(e2/2c2){(1/m) LlAmIP+L (2% Ma)lA(Ra)lz}. (4.4)
If the radiation field considered is limited to the infrared radiation, A(r) can be
approximated to be [4, 6]
A(r ) ~2c(m/V)'? Y g0k Py (5)
k,A

The interaction term between the radiation fields and the particles can be given
as

Vine=2e(7/ V)”z{(l/m) Lp—L (Za/Ma)Pa} * L a0k Pea

@

+2¢%(w/ V){(l/m)+Z(Za/Ma)} Y Y eint (@) PesPy,,  (6)

kA Ln
where the second term of the right-hand side of the equation can be neglected
[4], if the focus is put on the direct coupling of the particles and the radiation.
Defining the unitary operator U:
U=exp [—2i(e/ﬁ)(7r/ V)2 kZA wZ‘{Zi (1/m)pi =% (Za/Ma)Pa} . stk,A],
’ ) (7)
the dynamical variables are transformed as follows [4]
Py = UP\U"~ Py, +2e(ar/ V)‘“w;‘{z_ (1/m)p;—% (za/Ma)Pa} " Biors
l ) (8.1)
Qur = UQuaU"= Qi (8.2)
pi=UpU =p, (8.3)
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F=UnU ~r=2(e/m)(w/V)"* Y 0% Quatinr, (8.4)

” - k’)‘

P,=UP,U =P, (8.5)

R,=UR U ~R,+2e(Z,/M,)(7/ V)''* 3, 01" Qurticr, (8.6)
kA

where the linear expansion of the exponential operator is used. Using the trans-
formed dynamical variables, the Hamiltonian is rewritten

Hrad+ ‘/intzé Z {P%c,/\ + wiQi,,\}

—2e*(w/ V) kZA wiz({Z(l/mm—Z(Za/Ma)Pa} . sk,A) ,

i

(9.1)
Hoo =2 GM)P.+3 2 {Z.Z56%/ (Rap — o)}
X (%m)p’?+%§_ (€/Fy) = 2 {Zoe?/ (Fu = ), (9.2)
where Iéaﬁ —Aqp and 7y, —:g“a are conc,retely given as follows [4]
Rup = Aus = | Re = Rg =2e(m/ V) (Zu/ M) = (Z5/ My)} 5 0" Qrrsin |»
(10.1)
Fo— &, = |F— R +2e(m/ V)V{(1/m)+(Z,/ M,)} z o' Quagin [, (10.2)

The Hamiltonian of the radiation field in terms of the transformed dynamical
variables is obtained by substituting the transformed dynamical variables into
the original dynamical variables. The Hamiltonian of the molecular system is
obtained through the substitution of the transformed dynamical variables into
the original dynamical variables and the following replacement of the transformed
nuclear coordinate:

R,~> R, - 8R.({Q:\)), (11.1)
AR, ({Qua}) =2e(m/ V)/*{(1/m) +(Zo/ M)} T, @i Qeaeir (11.2)

oA
This replacement has the effect of modifying the Hamiltonian of the molecular

system through the nuclear-¢lectron and nuclear-nuclear Coulomb potential.
The dressed molecular Hamiltonian of the total system can be written as follows:

Hryor= Hrad({Pk,A, ék,)\}) + Hmol({ﬁis ﬁa’ Fi, Iéa —- bo, Z wZIQ/k,Aek,/\})

—%0212\wzz[{(l/m)z:ﬁt—z(Za/Ma)Pa} .8k,/\]’ (12)

where the substitution and the replacement are denoted symbolically, and where
0 and o, are given by
0=2e(m/ V)" (13.1)

o, ={(1/m)+(Z./M,.)}- (13.2)
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The third term on the right-hand side of Eq. (15) is corrected by the mass
renormalization [5, 6] correction and hence can be neglected. It is interesting to
point out that the coupling between the radiation field and the molecule is
incorporated in the parametric dependence of the molecular Hamiltonian on the
coordinate variable of the photon field. Then the situation resembles the vibronic
problem of the molecular system.

3. Hartree-Fock equation of molecule in the intense radiation field
and strong vibronic coupling

Now with this dressed Hamiltonian [4], studied by Nguyen-Dang and Bandrauk,
it is interesting to derive the electronic wavefunction which is suitable to describe
the coupling between the radiation field and the particle motion of the molecule
and the nonadiabatic coupling [ 1] between the nuclear motions and the electronic
motions. Let the total wavefunction ¥ of the system be given by the following
product:

¥ = ((F; B, ~ AR, (G )N, (R, - AR, (G, DX ¥, (0, (19)

where ¥, and ¥, are the electronic wavefunction and the nuclear wavefunction
at the displaced nuclear configuration {Iia —Aléa({Q’k, 1))}, respectively. The
photon eigenstate is denoted by ¥ ,. The right-hand side of the semicolon in the
brace denotes the parametric dependences of the wavefunction. If the single
Slater determinantal electronic wavefunction constructed from the spin orbitals ¢

@i =i(F; {R, — AR, ({Qc D)6, (15)

where ; denotes the space orbital and 6 the spin function, is adopted as ¥,
the electron orbitals coupled with the nuclear motions and the radiation field are
determined variationally, using the following energy functional:

E= (‘P‘H‘\I’> —Z £U<\I’P1<\I’nl<djl|¢f]> - 6t]lan>'\1,p> - )‘(<\Pn‘q,n> - 1)

—n((¥,|¥,)-1). (16)
The electron orbitals {i;} are expanded in the basis set orbitals {x,}:
ij(f; {Iéa - AR/&({Q,k,A})}) =Z erXr(f; {R’nz - Aéa({ék,)x})})) (17)

where the basis set orbitals {x,} should satisfy the following orthonormalization
condition:

(W T [ XN ) = 5. (18)

The basis set orbitals {x,} is naturally taken to be a set of adiabatic molecular
orbitals including the virtual orbitals. The expansion in Eq. (17) enables us to
reflect the effect which corresponds the ‘“‘virtual transition” induced by the
nonadiabatic effects of molecular vibrations and the intense radiation field on
the molecular orbital manifold. The electronic off-diagonal terms of Eg. (28) in
[4(a)], which represent the correlation effects induced by the nonadiabatic interac-
tion and the effect of the radiation field are taken into account in the diagonal
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correction of the SCF equation through a mixing of a virtual orbitals as discussed
below. The contribution of the nonadiabatic-interaction-induced radiative transi-
tions between electronic states to the total energy will be concretely represented
in a formula, if we use the particle-hole representation [1(c)]. If the variation of
the {c,} is performed, the Fock equation which determines the electron orbitals
coupled with the nuclear motion and the radiation field can be written in atomic
units as follows:

fei=¢&:c, (19.1)
=¥ KT F+ AT ),), (19.2)
A=AY04 AT (19.3)

A =3 [%<axr/aézlaxs/aé,>+% T 3 chayl(ox/a0lx) X loxa/ a0

Jj tu

+(0x./ QXX x:0x:/ Q) — Ox,/ 0O XX Xe X/ 3 Q1)

~(8x:/ 3Qulx X x: X/ 8éz>}] , (19.4)

Al;id:%az Y Uavgwiz[(sm - grad, Xr‘sk,)\ « gradg Xt 2 Z C:‘}Cuj

kA aff j otu
X {(ex - grada x.[x:)Xx:lex - grads x.)
+(en - grad, X xuXx:|eea - grade x.)
—(Eea - grade X, X)) e - gradg x.)

—(&rx - grad, Xi|x: x| €xr - gradg XM} , (19.5)

where the nuclear coordinates and the photon coordinate dependencies of the
electronic wavefunctions are implicit in the right-hand side of the Eqgs. (19.4)
and (19.5), and where grad, denotes 4/ 3R,. The mass-weighted coordinate of
the Ith ro-vibrational motion of nuclei is denoted by Q. The usual Fock matrix
at the nuclear configuration R, —AR,, ({Q’k,x}) is denoted by F in Eq. (19.2). The
summation over / in Eq. (19.2) means that the summation is performed all over
the modes of the ro-vibrational nuclear motions. The nuclear wavefunction
v, {R, - AR, ({Q/k,,\})} is determined by the following equation:

(‘I’pt[%; (/007 +3 ZB {Z.Z5/(Rup = Aap)} + E¥({R, — AR ({106, DY)

+T Di({R, ~ AR, ({Qu,DH + g D, ({R, — AR, ({1} —E]\an =0,
(20)

where E® is the electronic energy and where D, and D, , are the nonadiabatic
corrections between electronic motions and the Ith ro-vibrational nuclear motions
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and between the electronic motions and the radiation field to the total adiabatic
respectively:

D= Oz_c;c {<8‘//j/aélial/fj/aél> "<5¢’j/3él|¢i><¢i[a¢j/aét>}, (21.1)
Dy, = EC sz Z,; ezﬂaagwiz{@m - grad, l//jlsk,,\ - gradg ij>
—(& - grad, d’ji‘ffi)(‘l’ilsk,,\ - gradg llb)} (21.2)

Equations (19) and (20) determine the electronic motion and the nuclear motion
of the molecule exposed in the infrared radiation field where the nonadiabatic
coupling between the electronic motion and the nuclear motion cannot be neglec-
ted and they will be the fundamental equations for the quantum mechanical
nonlinear optical property of the vibronic system. Any order guantum mechanical
noniinear optical property of a molecule can be evaluated by the electronic
wavefunction obtained. A calculation of the nonlinear optical property is now
replaced by an evaluation of a derivative of the electronic wavefunction with
respect to the parameter Qy,. This is analogous to the evaluation of the derivative
with respect to the nuclear coordinate.

4. Conclusion

Hartree-Fock approximation is generalized to incorporate the effect of the
vibronic coupling and the nonlinear effect of the intense infrared radiation field
into one electron orbitals. On this foundation, the vibronic coupling and the
nonlinear optical property of a molecule can be studied at the same time. The
competition or the cooperation between the two effects is interesting. The non-
adiabatic nuclear motion will induce the internal electromagnetic field or radiation
field in the material. The nonlinear optical properties of the vibronic systems will
hence be an interesting problem to be studied theoretically. The theory which is
applicable for all wavelengths is awaited. The phase factor change accompanying
the change of the nuclear coordinate parameter which has received attention in
the gauge field theory is an interesting problem with this respect. The present
theory would also be interesting in the microscopic theory of superconductivity
where the non-BCS pairing mechanism has been discussed at great length.
Especially, a reconsideration of the proposed mechanism of photoinduced super-
conductivity of Kumar and Sinha [7] will be interesting in the next step, where
the incorporation of the translational symmetry is necessary. The Bogoljubov
transformation may be of help to discuss the microscopic theory on the basis of
the Hartree-Fock approximation. Therefore it would be interesting first to study
the formal structure of the Hartree-Fock equation for molecules which reflects
the vibronic coupling and the nonlinear effect of the electromagnetic field.
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